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Definition

The Laplace transform of a function f(t), defined for t ≥ 0, is given by:

L{f(t)} = F (s) =

∫ ∞

0

e−stf(t) dt

This transformation converts a time-domain function f(t) into a complex frequency-
domain function F (s), which is often easier to manipulate for solving differential equa-
tions.

Basic Properties

1. Linearity:
L{af(t) + bg(t)} = aF (s) + bG(s)

2. Time Shifting:
L{f(t− a)u(t− a)} = e−asF (s)

3. Frequency Shifting:
L{eatf(t)} = F (s− a)

4. Differentiation in Time Domain:

L{f ′(t)} = sF (s)− f(0)

5. Integration in Time Domain:

L
{∫ t

0

f(τ) dτ

}
=

F (s)

s

1



Solved Examples

1. f(t) = 1

L{1} =

∫ ∞

0

e−st dt =

[
−1

s
e−st

]∞
0

=
1

s

2. f(t) = t

L{t} =

∫ ∞

0

te−st dt =
1

s2

3. f(t) = tn

L{tn} =
n!

sn+1
, n ∈ N0

Example:

L{t3} =
3!

s4
=

6

s4

4. f(t) = eat

L{eat} =
1

s− a
, Re(s) > Re(a)

5. f(t) = sin(at)

L{sin(at)} =
a

s2 + a2

6. f(t) = cos(at)

L{cos(at)} =
s

s2 + a2

7. f(t) = e−bt sin(at)

L{e−bt sin(at)} =
a

(s+ b)2 + a2

8. f(t) = δ(t) (Dirac Delta Function)

L{δ(t)} = 1

9. f(t) = u(t− a) (Unit Step Function)

L{u(t− a)} =
e−as

s

10. Derivative Example: Let f(t) = e2t ⇒ f ′(t) = 2e2t, f(0) = 1

L{f ′(t)} = sF (s)− f(0) = s

(
1

s− 2

)
− 1 =

s

s− 2
− 1

11. Derivative Example: Let f(t) = e2t ⇒ f ′(t) = 2e2t, f(0) = 1

L{f ′(t)} = sF (s)− f(0) = s

(
1

s− 2

)
− 1 =

s

s− 2
− 1
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12. f(t) = sinh(at)

L{sinh(at)} =
a

s2 − a2

13. f(t) = cosh(at)

L{cosh(at)} =
s

s2 − a2

14. f(t) = teat

L{teat} =
1

(s− a)2

15. f(t) = t sin(at)

L{t sin(at)} =
2as

(s2 + a2)2

16. f(t) = t cos(at)

L{t cos(at)} =
s2 − a2

(s2 + a2)2

17. f(t) = (t− a)u(t− a)

L{(t− a)u(t− a)} =
e−as

s2

18. f(t) = u(t− 2) · sin(t− 2)

L{u(t− 2) sin(t− 2)} = e−2s · 1

s2 + 1

19. f(t) =
sin(at)

t

L
{
sin(at)

t

}
= tan−1

(a
s

)
20. f(t) =

1− cos(at)

t

L
{
1− cos(at)

t

}
= ln

(
s2 + a2

s2

)
21. Solve: f ′(t) = cos(2t), f(0) = 3

L{f ′(t)} = sF (s)− f(0) =
s

s2 + 4

sF (s)− 3 =
s

s2 + 4
⇒ F (s) =

1

s2 + 4
+

3

s

⇒ f(t) =
1

2
sin(2t) + 3

21. f(t) =

∫ t

0

τ cos(aτ) dτ

L
{∫ t

0

τ cos(aτ) dτ

}
=

1

s
· L{t cos(at)} =

1

s
· s2 − a2

(s2 + a2)2
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22. f(t) = e2t cos(3t)

L{e2t cos(3t)} =
s− 2

(s− 2)2 + 9

23. f(t) = t2eat

L{t2eat} =
2

(s− a)3

24. Inverse Laplace of F (s) =
1

(s+ 1)2

f(t) = te−t

25. f(t) =

{
t, 0 ≤ t < 2

4− t, t ≥ 2

f(t) = t · u(t) + (4− 2t) · u(t− 2)

L{f(t)} =
1

s2
− 2e−2s

s2

26. f(t) = t ∗ sin(t)

L{t ∗ sin(t)} = L{t} · L{sin(t)} =
1

s2
· 1

s2 + 1
=

1

s2(s2 + 1)

27. Inverse Laplace of F (s) =
s

(s2 + 4)2

f(t) = t cos(2t)

28. f(t) =

{
t, 0 < t < 2

repeats every 2

L{f(t)} =
1

1− e−2s

∫ 2

0

te−stdt∫ 2

0

te−stdt =

[
−te−st

s
− e−st

s2

]2
0

= −2e−2s

s
− e−2s − 1

s2

F (s) =
1

1− e−2s

(
−2e−2s

s
− e−2s − 1

s2

)

Inverse Laplace Transform – Solved Examples

1. L−1

{
1

s− 5

}
= e5t

2. L−1

{
s

s2 + 16

}
= cos(4t)

GATE PATHSHALA GATE PATHSHALA GATE PATHSHALA



3. L−1

{
5

s2 + 25

}
= sin(5t)

4. L−1

{
1

s2

}
= t

5. L−1

{
1

(s− 2)3

}
=

t2

2
e2t

6. L−1

{
s+ 1

s2 + 2s+ 2

}
= e−t cos(t)

7. L−1

{
1

s2 + 6s+ 13

}
= e−3t · sin(2t)

2

8. L−1

{
1

(s+ 1)2 + 9

}
= e−t · sin(3t)

3

9. L−1

{
s

(s2 + 9)2

}
= t cos(3t)

10. L−1

{
3s+ 5

(s+ 2)2 + 9

}
= 3e−2t cos(3t) +

5

3
e−2t sin(3t)

11. Find L−1

{
1

s2 + 4s+ 13

}
Solution:

s2 + 4s+ 13 = (s+ 2)2 + 32

⇒ L−1

{
1

(s+ 2)2 + 32

}
=

1

3
e−2t sin(3t)

12. Find L−1

{
2s+ 4

s2 + 4s+ 5

}
Solution:

s2 + 4s+ 5 = (s+ 2)2 + 1, 2s+ 4 = 2(s+ 2)

⇒ L−1

{
2(s+ 2)

(s+ 2)2 + 1

}
= 2e−2t cos(t)

13. Find L−1

{
1

s(s+ 3)

}
Solution: Use partial fractions:

1

s(s+ 3)
=

A

s
+

B

s+ 3

1 = A(s+ 3) +B(s) ⇒ A =
1

3
, B = −1

3

⇒ L−1

{
1

3s
− 1

3(s+ 3)

}
=

1

3
− 1

3
e−3t
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14. Find L−1

{
5

(s+ 1)2

}
Solution:

L−1

{
1

(s+ a)2

}
= te−at ⇒ f(t) = 5te−t

15. Find L−1

{
3s+ 6

(s+ 3)2 + 16

}
Solution:

3s+ 6

(s+ 3)2 + 42
=

3(s+ 3)

(s+ 3)2 + 42
⇒ f(t) = 3e−3t cos(4t)

Solving Differential Equations using Laplace Trans-

forms

Example 1

Solve:
y′′ + 4y = 0, y(0) = 1, y′(0) = 0

Step 1: Take Laplace transform

L{y′′} = s2Y (s)− sy(0)− y′(0)

s2Y (s)− s+ 4Y (s) = 0

(s2 + 4)Y (s) = s

Step 2: Solve for Y (s)

Y (s) =
s

s2 + 4

Step 3: Take inverse Laplace

L−1

{
s

s2 + 4

}
= cos(2t)

Final Answer:
y(t) = cos(2t)

Example 2

Solve:
y′′ + 3y′ + 2y = 0, y(0) = 1, y′(0) = 0

Step 1: Take Laplace transform

L{y′′} = s2Y (s)− sy(0)− y′(0)

L{y′} = sY (s)− y(0)

s2Y (s)− s+ 3(sY (s)− 1) + 2Y (s) = 0

(s2 + 3s+ 2)Y (s) = s+ 3
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Step 2: Solve for Y (s)

Y (s) =
s+ 3

s2 + 3s+ 2
=

s+ 3

(s+ 1)(s+ 2)

Step 3: Partial fractions

s+ 3

(s+ 1)(s+ 2)
=

A

s+ 1
+

B

s+ 2

s+ 3 = A(s+ 2) +B(s+ 1) ⇒ A = 2, B = −1

Step 4: Inverse Laplace

Y (s) =
2

s+ 1
− 1

s+ 2
⇒ y(t) = 2e−t − e−2t

Final Answer:
y(t) = 2e−t − e−2t

3. Solve: y′′ + y = sin t, y(0) = 0, y′(0) = 0

Solution:

s2Y (s) + Y (s) =
1

s2 + 1
⇒ Y (s)(s2 + 1) =

1

s2 + 1
⇒ Y (s) =

1

(s2 + 1)2

⇒ y(t) = t sin t

4. Solve: y′′ − y = e2t, y(0) = 1, y′(0) = 0

Solution:

s2Y (s)− s− 1− Y (s) =
1

s− 2
⇒ (s2 − 1)Y (s) =

1

s− 2
+ s+ 1

(Requires algebraic simplification for partial fractions.)

5. Solve: y′′ + 2y′ + y = δ(t− 3), y(0) = 0, y′(0) = 0

Solution:

(s+ 1)2Y (s) = e−3s ⇒ Y (s) =
e−3s

(s+ 1)2
⇒ y(t) = (t− 3)e−(t−3)u(t− 3)

6. Solve: y′ + 2y = 4, y(0) = 1

Solution:

sY (s)− 1 + 2Y (s) =
4

s
⇒ Y (s)(s+ 2) =

4

s
+ 1 ⇒ Y (s) =

4

s(s+ 2)
+

1

s+ 2

4

s(s+ 2)
=

2

s
− 2

s+ 2
⇒ y(t) = 2− e−2t
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7. Solve: y′′ + 2y = cos t, y(0) = 1, y′(0) = 0

Solution:

s2Y (s)− s+ 2Y (s) =
s

s2 + 1
⇒ (s2 + 2)Y (s) = s+

s

s2 + 1

(Requires further algebraic manipulation.)

8. Solve: y′′ + 2y′ + 2y = sin t, y(0) = 0, y′(0) = 1

Solution:

s2Y (s)− 1 + 2sY (s) + 2Y (s) =
1

s2 + 1
⇒ (s2 + 2s+ 2)Y (s) =

1

s2 + 1
+ 1

(Continue with simplification and inverse Laplace.)

9. Solve: y′ + y = u(t− 2), y(0) = 0

Solution:

sY (s) + Y (s) =
e−2s

s
⇒ Y (s) =

e−2s

s(s+ 1)
⇒ y(t) = (1− e−(t−2))u(t− 2)

10. Solve: y′′ + 4y = cos(2t), y(0) = 0, y′(0) = 0

Solution:

s2Y (s) + 4Y (s) =
s

s2 + 4
⇒ Y (s) =

s

(s2 + 4)2
⇒ y(t) =

1

4
sin(2t)− t

2
cos(2t)

11. Solve: y′′ + y = u(t− π), y(0) = 0, y′(0) = 0

Solution:

(s2 + 1)Y (s) =
e−πs

s
⇒ Y (s) =

e−πs

s(s2 + 1)

y(t) =

∫ t−π

0

sin(τ) dτ · u(t− π) = [1− cos(t− π)]u(t− π)

12. Solve: y′′ + 2y′ + 2y = cos t, y(0) = 0, y′(0) = 1

Solution:

s2Y (s)− 1 + 2sY (s) + 2Y (s) =
s

s2 + 1
⇒ (s2 + 2s+ 2)Y (s) =

s

s2 + 1
+ 1

Solve by partial fractions and take inverse Laplace transform.

13. Solve: y′′ + 4y′ + 5y = 0, y(0) = 2, y′(0) = −1

Solution:

s2Y (s)−2s−1+4sY (s)−8+5Y (s) = 0 ⇒ (s2+4s+5)Y (s) = 2s−1 ⇒ Y (s) =
2s− 1

(s+ 2)2 + 1

⇒ y(t) = 2e−2t cos t− e−2t sin t
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14. Solve: y′′ + 2y = e−t, y(0) = 0, y′(0) = 0

Solution:

(s2 + 2)Y (s) =
1

s+ 1
⇒ Y (s) =

1

(s+ 1)(s2 + 2)

Use partial fractions and inverse Laplace.

15. Solve: y′ + y = cos t, y(0) = 1

Solution:

sY (s)−1+Y (s) =
s

s2 + 1
⇒ Y (s)(s+1) =

s

s2 + 1
+1 ⇒ Y (s) =

s

(s+ 1)(s2 + 1)
+

1

s+ 1

Use partial fractions and inverse Laplace.

16. Solve: y′′ + 6y′ + 9y = 0, y(0) = 0, y′(0) = 1

Solution:

s2Y (s)−1+6sY (s)+9Y (s) = 0 ⇒ (s+3)2Y (s) = 1 ⇒ Y (s) =
1

(s+ 3)2
⇒ y(t) = te−3t

17. Solve: y′′ = δ(t− 2), y(0) = 0, y′(0) = 0

Solution:

s2Y (s) = e−2s ⇒ Y (s) =
e−2s

s2
⇒ y(t) = (t− 2)u(t− 2)

18. Solve: y′ + 3y = 5e−2t, y(0) = 2

Solution:

sY (s)−2+3Y (s) =
5

s+ 2
⇒ Y (s)(s+3) =

5

s+ 2
+2 ⇒ Y (s) =

5

(s+ 3)(s+ 2)
+

2

s+ 3

19. Solve: y′′ + y = u
(
t− π

2

)
, y(0) = 0, y′(0) = 0

Solution:

(s2 + 1)Y (s) =
e−

πs
2

s
⇒ Y (s) =

e−
πs
2

s(s2 + 1)

⇒ y(t) = [1− cos(t− π

2
)]u

(
t− π

2

)
20. Solve: y′′ − 2y′ + y = tet, y(0) = 0, y′(0) = 1

Solution:

s2Y (s)− s− 1− 2sY (s) + Y (s) =
1

(s− 1)2
⇒ (s2 − 2s+ 1)Y (s) =

1

(s− 1)2
+ s+ 1

Example 21: Solve:

y′′ + 4y = sin(2t)u(t− π), y(0) = 0, y′(0) = 0
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**Solution:** Laplace of RHS:

L{sin(2(t− π))u(t− π)} = e−πs · 2

s2 + 4

LHS:

(s2 + 4)Y (s) = e−πs · 2

s2 + 4
⇒ Y (s) = e−πs · 2

(s2 + 4)2

y(t) = u(t− π) · (t− π) sin(2(t− π))

Example 22: Solve:

y′′ + 6y′ + 8y = δ(t− 3), y(0) = 0, y′(0) = 0

**Solution:** Laplace of RHS: L{δ(t− 3)} = e−3s

(s2 + 6s+ 8)Y (s) = e−3s ⇒ Y (s) =
e−3s

(s+ 2)(s+ 4)

Use partial fractions and inverse Laplace:

y(t) = u(t− 3)[Ae−2(t−3) +Be−4(t−3)]

—
Example 23: Solve:

y′′ − 2y′ + y = e3t, y(0) = 2, y′(0) = 0

**Solution:** Laplace of RHS: 1
s−3

(s2 − 2s+ 1)Y (s)− 2s+ 0 + 4 =
1

s− 3

Y (s) =
1

(s− 3)(s− 1)2
+ initial condition terms

Use partial fractions.
—
Example 24: Solve:

y′ + y = u(t− 1), y(0) = 0

**Solution:** Laplace of RHS: e−s

s

sY (s) + Y (s) =
e−s

s
⇒ Y (s) =

e−s

s(s+ 1)

Inverse:
y(t) = u(t− 1)[1− e−(t−1)]

—
Example 25: Solve:

y′′ + y = f(t), y(0) = 0, y′(0) = 1
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where

f(t) =

{
1, 0 ≤ t < 2

0, t ≥ 2
= 1− u(t− 2)

**Solution:**

L{f(t)} =
1

s
− e−2s

s

(s2 + 1)Y (s)− 1 =
1− e−2s

s
⇒ Y (s) =

1

s2 + 1

[
1− e−2s

s
+ 1

]
Inverse involves convolution and unit step handling.
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